Closing the detection loophole in Bell experiments using qudits 
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We show that the detection efficiencies required for closing the detection loophole in Bell tests 
can be significantly lowered using quantum systems of dimension larger than two. We introduce a 
series of asymmetric Bell tests for which an efficiency arbitrarily close to 1 /N can be tolerated using 
iV-dimensional systems, and a symmetric Bell test for which the efficiency can be lowered down to 
61.8% using four-dimensional systems. Experimental perspectives for our schemes look promising 
considering recent progress in atom-photon entanglement and in photon hyperentanglement. 



Quantum theory predicts that measurements on sep- 
arated entangled systems will produce outcome correla- 
tions that are not locally causal, as implied by the vio- 
lation of Bell inequalities Bell inequality violations 
have been confirmed in numerous experiments, providing 
strong indication that nature is non-local. However, im- 
perfections in such experiments open various loopholes 
that could in principle be exploited by a locally causal 
model to reproduce the experimental data. Given the far- 
reaching significance of non-locality, it appears highly de- 
sirable to perform a Bell experiment free of any loopholes. 
While promising proposals have been made recently [2j, 
accompanied by significant experimental progress |3|, a 
loophole-free Bell experiment is still missing. 

There are two basic requirements for a loophole-free 
Bell experiment. First, a space-like separation between 
the observers is necessary to ensure that no sub-luminal 
signal can propagate between the particles. Failure to 
satisfy this condition is known as the locality loophole. 
Second, the particle detection efficiency must be larger 
than a certain level (usually high) , otherwise undetected 
events can be exploited by a local model to reproduce the 
quantum statistics 0, [j| . Failure to satisfy this condition 
is known as the detection loophole. All experiments per- 
formed so far suffer from at least one of the two above 
loopholes. Experiments carried out on atoms [3, 6] could 
close the detection loophole, but are unsatisfactory from 
the locality point of view. Photonic experiments, on the 
other hand, could close the locality loophole Q, but cur- 
rent photon detection efficiencies arc still too low for clos- 
ing the detection loophole. 

Closing the detection loophole is also crucial from the 
perspective of quantum information processing applica- 
tions based on the non-local correlations of entangled 
states, such as communication complexity [8|, device- 
independent cryptography Q or state tomography [Iol |. 
Indeed, if the detection loophole is not closed, then the 
data produced in the experiment could as well have been 
produced by classical means, and thus does not provide 
any advantage. 

For the Clauser-Horne-Shimony-Holt (CHSH) Bell in- 
equality [ll|, the threshold detection efficiency is 82.8% 
for a maximally entangled qubit pair and can be lowered 



down to 66.7% using partially entangled states, as shown 
by Eberhard [l2T | . It appears however very difficult to find 
Bell inequalities that can tolerate lower efficiencies than 
CHSH in the bipartite case. For qubi ts, only marginal 
improvements have been reported [lj, [l5|]. Massar 
has shown that higher dimensional systems can tolerate 
a detection efficiency that decrease exponentially with 
the dimension d, but this result is of limited practical in- 
terest since an improvement over CHSH is obtained only 
for d > 1600 [ill. Up to now, no practical bipartite Bell 
test was known to tolerate a detection efficiency lower 
than Eberhard's limit of 66.7%. 

More recently, the detection loophole has also been 
studied in an asymmetric configuration [l7l [l8j , inspired 
from atom-photon entanglement. Since atomic measure- 
ments are very efficient (77 » 1), a much lower efficiency, 
compared to the symmetric case, can be tolerated for the 
photon - as low as 43% using qubits and a three-setting 
Bell inequality 

Here, we show that (low dimensional) qudits offer a sig- 
nificant advantage over qubits for closing the detection 
loophole. For asymmetric Bell tests, we show that an 
efficiency arbitrarily close to 1/N can be tolerated using 
iV-dimensional systems and a family of iV-setting Bell 
inequalities introduced by Collins and Gisin [19| . Our 
construction is optimal in the sense that a Bell test with 
N measurement settings cannot tolerate a detection ef- 
ficiency smaller than 1/N. In the symmetric scenario, 
we show that an efficiency as low as 61.8% can be tol- 
erated using four-dimensional states and a four-setting 
Bell inequality introduced in To the best of our 

knowledge, these findings improve significantly over all 
results in the literature for bipartite Bell tests with a 
reasonable number of measurement settings and dimen- 
sions. Moreover, the prospects of experimental imple- 
mentations look promising considering recent experimen- 
tal progress in atom-photon entanglement [20| and in 
photon hyperentanglement [2l], [53, Hj| . 

Our constructions also provide simple examples of di- 
mension witnesses [24l [25| . i.e. Bell-type inequalities 
which yield a lower bound on the Hilbert space dimension 
necessary to produce certain quantum correlations. 

Preliminaries. We consider a Bell-type scenario in 
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which two distant parties, Alice and Bob, can choose 
among N measurement settings with binary outcomes. 
Alice's measurement settings are denoted A x with x E 
{1,...,N} and her output bit is denoted a 6 { + 1,-1}; 
similarly for Bob we have B y with y 6 {1, ...,iV} and 
b e { + 1,-1}. The experiment is characterized by the set 
of joint probabilities P(A X = a,B y = b) to get outcomes 
a and b when A x and B y are measured. It is easily seen 
that all these probabilities are determined by the follow- 
ing subset of probabilities: P{A x B y ) = P(A X = l,B y = 
1), P{A X ) ee P(A X = 1), and P(B y ) ee P(B y = 1), which 
it is thus sufficient to consider. 

The detection efficiencies for Alice and Bob are de- 
noted J] a and t]b- We will study the symmetric config- 
uration, where rj = t\a, = i]b, as in standard photonic 
experiments, as well as the asymmetric configuration, 
where j]a — 1 and t/b < 1, inspired from atom-photon 
entanglement experiments. 

Asymmetric case. We now introduce a family of Bell 
tests that involve entangled states whose local Hilbert 
space dimension is N and which tolerate a detector effi- 
ciency arbitrarily close to l/N. Our construction is based 
on a family of Bell inequalities introduced in [l9| , which 
are given by Inn22 < 0, where 
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Note that we have written these inequalities in a different 
form than the one used in [l9l |. 

Because of the limited efficiency of his detector, Bob 
does not always obtain a conclusive result. In order to 
close the detection loophole, one must ensure that the 
whole set of data, including inconclusive results, vio- 
lates a Bell inequality. To take into account inconclusive 
events, we simply choose here that Bob outputs in 
case of non-detection. Thus Bob's output is still binary 
and the above inequalities can be used. The measure- 
ment outcome probabilities are however modified accord- 
ing to P(A X , B y ) VB P(A X , B y ), P(A X ) P(A X ), and 
P(B y ) — > r)BP(By). Introducing these expressions in (JTJ) 
and dividing by j]b, we obtain the modified (efficiency- 
dependent) Bell inequalities Innii{J]b) < 0, where 
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A violation of the modified inequality InN22(t)b) < 
implies that the original Bell inequality Inn22 < can 
tolerate a detection efficiency of t]b for Bob's detector. 

We now give an explicit entangled state and quantum 
measurements that violate the inequality Inn22{t1b) < 
when rjB > jj- Note that our construction is optimal in 
the sense that no violation is possible if t\b < 77- In- 
deed, any Bell test with N measurement settings admits 
a simple local model when rjB < jj (26[. 



The quantum state is defined in ® C N and given 
in the Schmidt form as 
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with e G [0, 1]. The measurement operators for Alice can 
be written as A x = A+ — A~, where is the projector 
on the +1 subspace and A~ = I — A+ on the —I sub- 
space. We take the projectors A+ to be one-dimensional 
real-valued projectors, parameterized by the unit vectors 
A x € R N , i.e., A+ = \a x )(a x \, with \a x ) = 
The measurement operators for Bob are defined in the 
same way with unit vectors B y G R . 

The measurements of Alice are then defined by 
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where p§ = p\ = and p\ +l = (1 - w L w )p 2 k for 

k > 1. The measurements of Bob are defined by 
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where gf + g 2 = 1, and q 2 k+1 = (1 - {N \ )2 )ql for fc > 1. 

The probabilities entering @ can now be readily cal- 
culated. We find 

P(Ai) = e 2 



P(B„) = 1 ^ ~ 2 ^ 1 ' 2 " 2 



? " N-l 

,2 2 



(1 - ^) + e'qt for 2 < y < N 



P(A u B y ) = e'q z for l<y<N 



(6) 
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+ epo9o for x > 2 



for x > y > 1 



In order to maximize the quantum violation of the in- 
equality (|2|), we choose the free parameter e defining the 

quantum state j3} as e 2 = l+KN-iy 2 -^' 1 ' so ^ na * ^ ne 
joint probabilities P(-Aa;, Py) with x > j/ > 1 cancel out. 
Note that < e < 1 for < q < 1. We then find that 



(7) 



3 




0.1 0.2 0.3 0.4 0.5 1/V3 0.0 0.1 0.2 0.3 0.4 0.5 

e e 



FIG. 1: Asymmetric Bell test with qutrits. Threshold effi- 
ciency r\B as a function of the degree of entanglement e for 
different values of background noise p. For p — 0, the effi- 
ciency tends to 33.3% when e — > 0, and is equal to 66.7% at 
the value e = (i.e. for maximally entangled qubits). For 
p > 0, the curve exhibits a plateau when the efficiency be- 
comes equal to the one given by maximally entangled qubits. 

This quantity is positive if r/s > j^t- Therefore, the 

inequality Inn22{vb) < can be violated for any value 
of rjB > ■h by taking q Q sufficiently close to 1. 

In the limit qo — > 1, we get e — > 0. Thus the state pro- 
viding the lowest detection efficiency is arbitrarily close 
to a maximally entangled state of dimension N — 1. In 
particular in the qubit case (N = 2), it becomes close to a 
separable state, analogously to the results in [lj|, H3) El] • 

Note that while the measurement settings (4,5) are 
well-adapted for partially entangled states (e — ► 0), they 
do not provide the maximal violation for all values of e. 
It would be interesting to find a construction that is opti- 
mal for any degree of entanglement. For the case N = 3, 
we optimized numerically the unit vectors A x and B y to 
find the optimal threshold efficiency t\b as a function of 
the degree of entanglement e (see Fig. 1). Similarly to 
results in the qubit case [III, [lT], Gil , i]b decreases with e. 
We also investigated the influence of background noise, 
by replacing the pure state \tp e ) in Eq. ([3]) by a mixed 
state of the form p = (1 — p)|^ e )(i/> e | + pt/N 2 , where p 
is the amount of white noise. For small values of e, r\B 
becomes quite sensitive to noise, due to the fact that the 
violation of the inequality 73322(^5) < becomes small. 

Dimension witnesses. For the case N = 3, we 
have strong numerical evidence that the inequality 
^3322 (vb) < cannot be violated by performing mea- 
surement on qubits if r/s < 0.428. Therefore the in- 
equality Iz322{vb — 0.428) < is a dimension witness 
[24(: its violation guarantees that qutrits (at least) have 
been prepared. More generally, we conjecture that the 
inequalities Inn22{vb) < with i]b — 1/N can only be 
violated by states of local dimension N, and thus are 
iV-dimensional witnesses. 

Symmetric case. Here we show that the threshold de- 
tection efficiency can also be significantly lowered using 
low dimensional qudits. Specifically, we consider the case 
N = 4 and the Bell inequality lf A2 2 — introduced in 



FIG. 2: Symmetric Bell test with 4-dimensional systems. 
Threshold efficiency n as a function of the degree of entan- 
glement e for different values of background noise p. For 
maximally entangled states (e = an efficiency of 76.98% 
can be tolerated; for very partially entangled states (e — > 0), 
the efficiency drops down to 61.8%. 

Ref. (l4j |. which can be re- written as 

T i _ r (l,2;l,2) r(3,4;3,4) _ r (2,l;4,3) _ r (4,3;2,l) 
^4422 — 1 CH ' 1 CH 1 CH 1 CH 

-P(A 2 ) - P(A 4 ) - P(B 2 ) - P{B i ) (8) 

with 4^ m '") = P(A h B m ) + P{Aj,B m ) + P(A h B n ) - 
P(Aj,B n ) - P(Ai) - P{B m ). To take into account in- 
clusive events we choose that Alice and Bob output 
in case of non-detection. The probabilities are thus mod- 
ified according to P{A x ,B y ) -> rfP{A x ,B y ), P(A X ) -> 
T]P(A X ), P(B y ) -> nP(By). Inserting these values in ©, 
we obtain, similarly to the asymmetric case, a modified 
(efficiency dependent) Bell inequality /J^W < 0. 

Next we consider entangled states of the form ([3]) with 
N = 4 (entangled ququarts), and measurement opera- 
tors parameterized as previously by unit vectors A x and 
By (see Appendix A for details). In the limit e — > 0, 
we show that the inequality if^iv) < is violated if 
r\ > (v5 — l)/2 ~ 0.618. Using the techniques intro- 
duced in [27j], we checked that this value is optimal for 
/| 422 , i.e. that no violation is possible if rj < 0.618. For 
the maximally entangled state (e = |), an efficiency of 
76.98% can be tolerated. Fig. 2 presents the minimal 
detection efficiency rj for intermediate values of e, ob- 
tained by performing a numerical optimization over the 
unit vectors A x and B y . These results represent a signif- 
icant improvement over the best values known so far for 
small systems, namely 79.39% for maximally entangled 
ququarts [T3 |. and 66.67% for weakly entangled qubits 
|12| |. In Fig. 3, we analyze the influence of background 
noise. For experimentally realistic values of the back- 
ground noise (p < 2%), our model can tolerate efficiencies 
about 5 — 8% lower compared to the CHSH inequality. 

Experimental perspectives. Going beyond qubits, but 
nevertheless using low dimensional quantum systems, al- 
lowed us to significantly lower the detection efficiencies 
required to close the detection loophole in Bell experi- 
ments. Since we used Bell inequalities with few settings 
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FIG. 3: Minimal detection efficiency n for a given amount of 
noise p. The curve for CHSH is Eberhard's result For 
a realistic amount of background noise (p < 2%), our models 
can tolerate efficiencies 5 — 8% lower than CHSH. 



and simple measurements, we believe that our findings 
are relevant from experimental perspectives. 

In the asymmetric case, related to atom-photon en- 
tanglement, we showed that an efficiency arbitrarily 
close to 1/N can be tolerated for the photon, using N- 
dimensional quantum states. Therefore, the (typically) 
low photon detection efficiency, usually the main experi- 
mental limitation, can be compensated by increasing the 
Hilbert space dimension, which appears feasible. No- 
tably, qutrit entanglement has been recently observed 
between an atomic ensemble and a photon [20] . Since the 
experiment (2(i| used orbital angular momentum (OAM) 
as degree of freedom, it could in principle be performed 
with higher dimensional systems as well. 

For the symmetric case, we showed that efficiencies 
as low as 61.8% can be tolerated using four-dimensional 
states, thus providing a significant improvement over 
CHSH the best inequality known so far. This appears 
promising from the perspective of photon experiments, in 
which higher dimensional entanglement has been demon- 
strated using OAM [28| , time-bins [29j , multipath entan- 
glement (30|, and hyperentanglement [2l[, i.e. photons 
entangled in several degrees of freedom (2^|. Hyper- 
entanglement appears here particularly relevant, since 
four-dimensional entangled states can be conveniently 
obtained using photons entangled in both polarization 
and mode [23|]. Partially entangled states of the form 
©, as well as the required measurements, can be im- 
plemented using standard equipment (see Appendix B). 
Moreover, since the measurements involved in our model 
have binary outcomes, only one detector is required on 
each side. Considering a realistic background noise of 1% 
(i.e. visibilities of 99%), the required overall efficiency, in- 
cluding transmission from the source to Alice (or Bob) 
and photon detection, is ~ 69% (see Fig. 3). For a mea- 
surement time of 100ns, the distance between the source 
and Alice (Bob) should be of the order of 50 meters, to 
ensure space-like separation. On such distance, a trans- 
mission of the order of 80% can be expected, which im- 
poses a photon detection efficiency of at least 86%. This 



is a demanding feature, but efficiencies of the order of 
90% have already been reported [3l|. Thus, overall, the 
perspective of implementing a loophole-free experiment 
using photon hyperentanglement seems very promising. 
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A. Appendix A: Symmetric case 

Here we give a detailed derivation of our construction 
for the symmetric case. We use the four-setting Bell in- 
equality 74422 °f -R- e f- 0j) an d show that it allows to 
improve over CHSH, both for maximally and for par- 
tially entangled states. As a starting point we present a 
simple construction to recover Eberhard's result for the 
CHSH inequality [H|. 

An analytic construction for Eberhard's result. Here 
we write the CHSH inequality in the Clauser-Horne (CH) 
form: 

Ich = P(A 1 ,B 1 )+P(A 1 ,B 2 )+P(A 2 ,B 1 ) 

-P(A 2 ,B 2 )-P(A 1 )-P(B 1 )<0 (9) 

We choose that both Alice and Bob always output "-1" 
in case of non-detection, so that all measurement out- 
puts are still binary. The measurement probabilities are 
modified according to 

P(A X ,By) - V 2 P(A X ,By) 

P(A X ) -> V P{A X ) 

P{B y ) - r]P(B y ) (10) 

Introducing these expressions in §§§ and dividing by rj, 
we obtain a modified (efficiency-dependent) inequality 
Ich(v) ^ 0) where 

Ich(v) = P(A 1 ,B 1 )+P(A 1 ,B 2 ) + P(A 2 ,B 1 ) 

f] r\ 

We study the violation of this inequality for qubit states 
of the form ([3]) (corresponding to N = 2) and define the 
measurement settings trough the following unit vectors: 

A\ = (— u, pi) A 2 = (v, p 2 ) 

(12) 

Bi = (u, qx) B 2 = (-«, q 2 ). 

Note, that here p\ and p 2 are the only v ariables , since 
Qi = Pi , 92 = P2 and u = \Jl—p{, v = yj\-p\ due to 
normalization. 

We first consider the case of a maximally entangled 
pair of qubits (e = 1/ \/2) . Then, by setting u — 
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sin(7r/16) and v — sin(37r/16), the modified CH inequal- 
ity (jnj is violated if 77 > 2/(1 + a/2) ~ 0.828. For a 
partially entangled pair of qubits in the limit e — > 0, by 
choosing zt = 0, v = e 1 ^ 2 , the CH inequality (fTTj) is vio- 
lated if 77 > 2/3, which is optimal as shown in Ref. [26| . 

^4422 inequality with four- dimensional systems. Now 
let us move to the four-setting inequality I 4422 
where 



T 4 _ t(1,2;1,2) 
J 4422 — 1 CH 



r(3,4;3,4) 
L CH 



r (2,l;4,3) _ r (4,3;2,l) 



-P(A 2 ) - P(A 4 ) - P(B 2 ) - P(B 4 ) (13) 



and T> 



P(Ai, B m ) + P(A 3l B m ) + P(A U B n ) 



M,j;m,n) 
1 CH 

P(Aj,B n ) — P{Ai) — P(B m ). Again, in case of non- 
detection both Alice and Bob will output "-1". Pro- 
ceeding as above, we obtain a modified version of the 
inequality -^4422 — 0, where 
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(V) = 



CH 



1;4,3) 



CH 



CH 



(v) - 1, 

[P(A 2 ) + P(A 4 ) 



(4,3;2,1) 



(v) 

P(B 2 ) 



(14) 

p(u 4 )] h- 



have that /, 



(n) 



P(Ai,B v 

, Bn) 



Here we nave uu.au ± CH 
P{A 3 ,B m ) + P(A l: B n ) P(Aj,. 
[P(Ai) + P(B m )] /rj. Note that the maximum quantum 
value of the Bell expression -Z4422 is obtained with 
degenerate measurements and using real qubits [HI]. 

Let us define Alice's and Bob's measurement settings 
with the following four-dimensional unit vectors: 



Ay = (-u, -u, px) A 3 = (u, u, px) 
A 2 = (-v, v, p 2 ) A 4 = (v, -v, p 2 ) 



Bx = (-u, u, qx) 
B 2 = i-V, -v, q 2 ) 



B 3 
B 4 



(u. 

(v, 



-U, qx) 
v, q 2 ) 



(15) 



where p , q are two-dimensional vectors, pi — {pix,Pi2), 
Qi = (<?ii>9i2) for i = 1,2. Note that vectors A, B above 
can be built up from the ones we used previously for the 
CH inequality (Tj"2")) . In particular, the last two columns of 
A x , x = 1,2 (A x , x = 3,4) and of B V) y = 3,4 (B y , y 
1.2: correspond Alice's vectors (Bob's vectors) in ([12"]) 
except that now p, q refer to vectors. The first columns of 
the vectors, on the other hand, are filled up by alternating 
the components u and v either with only plus signs or 
only with minus signs. Using numerical optimization, 
we find the optimum parameters for a pair of maximally 
entangled four-dimensional states (ququarts) (A, = 1/2, 
i = 1, 2, 3, 4) to be given by 



px = (0.9159, 0.0499) 

p 2 = (0.5625, -0.3035) 

qx = (0.9159, -0.0499) 

q 2 = (0.5625, 0.3035). 



(16) 



yield the threshold value ry = 0.7698 for the inequality 

Now let us move to partially entangled ququarts. Con- 
sidering the limit of small e, we set u — \/3/8(v / 5 — l)e, 
v = 1/2 and px = qx = (0,1), p 2 = (5,1/V2), q 2 = 
(-6, 1/V2) with S = (3/4) 1 / 4 e 1 / 2 . This yields the thresh- 
old tj s > (a/5 - l)/2 - 0.618 in the limit e -> 0. Further- 
more, one can check numerically (using a program similar 
to Sec. II. D of [13]) that the above threshold efficiencies 
are the lowest possible ones allowed by the construction 
(fTS"]) both for the maximally entangled and for partially 
entangled ququarts. 



B. Appendix B: Optical implementation using 
hyperentanglement 

We now show how our construction for the symmet- 
ric case can be implemented using photon hyperentan- 
glement. We first show how partially entangled states 
of the form ((3|) can be created; then we show how to 
perform the required measurements. Importantly, both 
stages can be implemented using only linear optics (ex- 
cept for non-linear crystals), and seem feasible using cur- 
rent technology. 

State preparation. We focus on hyperent ang lement 
using polarization and mode entanglement [231 ] - The 
scheme for the state preparation is sketched in Fig. 4, 
and was suggested to us by John Rarity. The beam of a 
pump laser is polarized in the state = -^=(\H) + \V)) 

and then splitted in two modes (\lo) and |r )) by an un- 
balanced beam splitter (BS), with reflexion probability 7 
and transmission probability (1 — 7). Equivalently, the 
unbalanced BS can be replaced by a 50/50 BS followed 
by an attenuator on one of the modes. The polarization 
state of mode |ro) is then rotated to an arbitrary linear 
polarization \<f>) — cos 6\H) + sin^U) by an appropri- 
ate combination of waveplates, represented on Fig. 5 by 
the unitary operation Uq- Thus before parametric down- 
conversion, the state is given by 



V7l^)Ko) + Vi^r\4>)\r ) 



(17) 




Type I 
Crystals 



Since A x and B y are unit vectors, u and v are completely 
determined by the vectors p and q defined above. They 



FIG. 4: Scheme for preparing partially entangled quqarts 
state using hyperentanglement. 



Then, parametric down-conversion is performed using 
two orthogonal type I non-linear crystals, thus resulting 
in the state 



\{\U.U) -\Y.Y)) l,.l n ) 



(18) 



+ v/T - ~{cos9\H,H) + sm9\V,V))® \r A ,r B ) 



By adjusting the parameters such that e = y/l — 3^/2 
and cos 9 = ^/ 2 (i-7) » we orj tain the desired partially 
entangled state of two ququarts, i.e. 
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FIG. 5: Setup for implementing the four-dimensional projec- 
tion. Since we consider two-outcome measurements, only one 
detector is needed. 



1 -e 2 



[|ll) + |22) + |33)] + e|44) (19) 



where we have used the following encoding: |1) = 
\H)\l A ), |2) = \V)\l A ), |3) = \H)\r A ), and |4) ee \V)\r A ) 
for Alice, and similar definitions for Bob. 

Importantly, note that this scheme does not require 
post-selection. 

Measurements. All measurements required in our 
model are projectors on four-dimensional states of the 
form: 



l*> = £ a ^'> 



(20) 



where \ a j\ 2 = 1- Here all coefficients can be taken 

to be real, therefore we can rewrite a\ — acos9\, a 2 — 
a sin 9i , 03 = f3 cos #2 , and 04 = j3 sin 6*2 , where a 2 + (3 2 = 
1. Thus the projectors can now be conveniently rewritten 
as 



|$) = a|^i)|0 + /3|^ 2 )|r) 



(21) 



where 



bj) = cos 6 'j\H) + sm9j\V) are normalized polar- 
ization states for each mode I and r. 



This measurement can be implemented using the sim- 
ple setup described in Fig. 5. First, a rotation of the po- 
larization must be performed on each mode. The corre- 
sponding unitaries U\, U2 must be such that Ui<j>i = \H) 
and = 1^0- Then the PBS implements the opera- 

tion: 



\H)\l) 
\V)\l) 



\H)\n 

\V)\r>) 



\H)\r) 
\V)\r) 



\H)\r>) 

-\v)\i') 



(22) 



The PBS maps the state UiU2\§) to a state of the form 
(ct\H) + (3\V)) ® \l'). The final polarization rotation is 
characterized by the unitary C/3, with Uy,{a\H) +fl\V)) = 
\V). Thus an incoming photon in the state |$) always 
produces a click in detector Di; any state orthogonal to 
|$) does never produce a click in D%. 

The measurements required in our scheme can there- 
fore be implemented using standard linear optics devices. 
Moreover, a single photon detector is enough, since we 
consider here two-outcome measurements. 
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